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Abstract— Heat is not lost equally by each element of the fin but is lost mostly near the base of the fin. Thus there would be
wastage of the material if a uniform fin is used. Due to this reason fins of varying cross-sections like hyperbolic fins or
parabolic fins are constructed. The parabolic fin of varying cross-section is usually analyzed by ordinary calculus approach.
The paper analyses parabolic fin of varying cross-section to find the rate of conduction of heat through it via the application
of matrix method. The matrix method has been applied successfully in science and engineering problems and also comes out
to be very effective tool to find the temperature distribution and rate of conduction of heat through a parabolic fin.
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1. Introduction

The conduction of heat takes place through the fins
from particle to particle due to temperature gradient in the
direction of decreasing temperature [1-3]. Fins are the
extended surfaces which are mostly used in the devices
which exchange heat [4-9] like computer central processing
unit, power plants, radiators, heat sinks, etc. The matrix
method has been applied successfully in science and
engineering problems [10-18]. The paper puts forward the
Matrix Method for the analysis of a parabolic fin of
varying cross-section which is wusually analyzed by
ordinary calculus approach [4-9]. The paper analyzes
parabolic fin of varying cross-section to find the rate of
conduction of heat through it via the application of matrix
method. The Matrix method also comes out to be very
effective tool to find the temperature distribution and rate
of conduction of heat through a parabolic fin. As we know,
for a square matrix B [11-14]of order n with elements a;;,
we get a column matrix Z and a constant » such that BZ =
»Z or |B — > IlZ = 0. This represents a matrix equation
which results in n homogeneous linear equations [12-15]
having a non-trivial solution only if |B —x Il= 0. On
expand [B — = I, we will get n™ degree equation in>,
known as the characteristic equation of B, whose roots i.e.

n;(where i =1,2,3,.....n) are called eigen values and
corresponding to each eigen value there is a non-zero
Z

Zn
solution Z=| ~| known as eigen vector [13-17].

Zn
2. Materials and Method
The differential equation for analyzing a parabolic fin
[4-9] (assuming that heat flow pertains to one dimensional

conduction of heat) is given by,

x28() + 2x8(x) — m2126(x) = 0....... (1),
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where m = | : , L is the length of the fin between the base

At
at x = [ and the tip at x = 0, t is the thickness of the fin
which increases uniformly from zero at the tip to t at the
base, k is thermal conductivity, h is the coefficient of
transfer of heat by convection, 8(x) =T(x) — T, T, is the
temperature of the environment of the fin and Ty is the
temperature at the base x = 0 of the fin.

Substituting x = &7, the equation (1) can be rewritten into
a form:

8(x) E 6(x) —mi*e(x) =0...... ()

= dz
Further, let us substitute

B (x) = 8,00 v o (3)

and

8,(x) = 85(x)....... 4)

We can rewrite equation (2) as

8,0x) + 8,x —m?L'e, =10
Or

8, = miLlte,&) —6,&x ...(5)

We can write the equations (4) and (5) in the matrix form

as

8, (x) _ [ 0 l] [e‘i(}d

g,a) Lt —1lle,

On equating the determinant of [ 0 l]to 7€ro, we
quating mil? -1 - W

can obtain its characteristic equation as

0—p 1

R =10
m*L* —1-u

On expanding the determinant, we get

W tp—mii=0..... (6)
This equation (6) is quadratic in W and its roots are given by
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—1+ /07 + amilL?

u =

2

Or

1 ll .
n = _E i.dg +mil
The roots of the equation (6) are

L L .
By = _;+ﬂ|;+m*f.‘ ....... (7)
And

1 i 2o
Wy = —;—_\J;‘Fm‘i‘ ........... (8)

The product of roots is given by
Hylky =

(' L, o ( N
-3+ [grmi | -3 [g+m
C 2o R

On simplifying the ri;ght hand side of this equation, we get
Wy, = —m L5 ... ©)
Also, the sum of roots is given by

Hyt+ Uy =

1 |1 . 1 ||1 .
—E-I-ﬂ']‘—}-l-ml. + —E—_\Jg+ml
Or
Mt p, = -1 ... (10)

To determine Eigenvectors:
The  Eigenvector  corresponding to  the  root

1 II" ara.

= = —;-I—_\I;-I-m*f.*lsglvenby
TS [ M
m2L? —1— pllz,;

This results,

miliz, — (1 + plz; = 0w (12)

Solving equations (11) and (12), we can write

i gt

Z7 u +mLe

And the Eigenvector for the root

1

1 oo
=l = —=— ';+m*£*isgivenby

.\\I

s JEI= 0

m?LE —1— pdlzl ™ 1p
This results
—Wz; +2;=0........(13)
And
miliz, — (1 + wlz, = 0. (14)
Solving equations (13) and (14), we can write
R R

Z3 H:-I—m: L*
The matrix of Eigenvectors is [ Myt 2 e -I._ 2 .

py +meLop,+m-L-
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+ 2 2+ 2
u,l:l-ll-m: 12 u;uiim: L:]’ then the determinant of P

i.e. IPlis given by
pl=| M TE  weT 2
p, +mLep, +m-L*
On expanding the determinant and making use of equation
(10), we get
Pl= (u; = wy)(—=m*L* +2)
The inverse of P which is also a matrix is given by

-1_ 1 [ Mz +m*L? —(uz + 2)
T (ez— e -mER 4 L, 4+ mL) o +2

LetP=[

To Determine PetzpP-1;

PeFip—i=
M; +2 ug + 2 [Exsr-{uiaJ 0 ]X
uy +milin, + miLt 0 exp (p, )
1 [ wy +miLt —(u + 2)
(hz — H)(—mPL2 4+ 2) b=, + mPL%) 42

1
(B2- B os S 41y
(I-’L]_ + 2:] E"'XP(HL Z)

(u; + 2)exp (u, 2) [ wtm'lt —(y +2)
(uy+m? L) exp(u 2)(uy +m*L¥)exp (1, 2)

—(w +miL7) w42

S S
{uz= we}{ —m 34 3
[y + 2D (g +mt L)
emplp, =) — {py + mL7) =
[z + Zpeop (pp 2)

( + 2y (e +2) %
[z (up 2) —esplp, 2)

—(py +2)(p + ML) =
eplp, =) + i, + 2%
(py +m L (p z) -

(e + L3 (py + M7 L7) X
i [explp, =) —exp (p. 2)]

Now applying the initial boundary conditions: 8:(0) = &(0) = C and
£, (0 = &(0) = Dprovides
. 1

[5'.'*,' I
.0l (- wimE £
(e + 2 +mi L

explp, =) = (p, + mL%) =
(e + Zpesp (pe 2)

(e + 23 (e +2) =
[eg (p =) —eplp, ) [Iﬂ

—(py +2)(p + m™ L7
emplp, ) +(p. + 2)x
(g +m L esp (g 2) -

R T S B
i [explp, =) —exp (p. 2)]

This results,

Cl(y + 2) (1 + m* L) explu, 2) —
(1 +m*L¥)(uy + Z)exp (u; 2)] +
8.6 = 201 +2) (g + )lexp (i3 2) — enply 2)
: (; — w J(—m2L2 + 2)

Or
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Clipy+Tpa+m? 12y explp, 20—

[py+mEL? ) (pz+ Texp (pg 2))+
8(t) = Dipy+33 .|'|J:+:"|[E.}{'FI (o z)—explp,y 23.” (15)

(pa— pyd-m2i? +20

Now making use of equations (9) and (10), we can find that
(b + 2)py + m?LY) = p (—m?L* + 2) .. (16)
And (py + m* L) (wy + 2) = w(-miL*+2) ... (17)
(uy +2) (uy +2) = (—m?LP 4+ 2) ... (18)
Put equations (16), (17) and (18) in equation (15), we
obtain

Clug exp(uy2) — pyexp (uy 2)] +
D[exp (uy z) —exp (y, 2J]

Blx) =
Mz — My
Or
80 = Cluy expluy 2) — py expluyz)] + Dexp (u; 2) — exply, z)
- Hi — Hg
Or
Clu,exp(uy z) — py explp,z)] +
66 = — Dlee (2 2) —explu; 2)
Hy — H3
Or
o0 < [Wn)C + Dlets? 4 [~(u)C - D]e™st
My — Hg
Or
TN JxPLyr—rp-1c-Dix k2
6(x) = [(pyde+DlxPle [—[p)C-D]x (19

Hi-Hz

As 8(0)is finite [4-9], therefore, the term
[—(u; )€ — D]x~F2 iz equated to zero.

i.e.[—-(u)C — D]x~F2 = 0, which gives
D= —()C

From (19), we have

B8 = Clu, —wy)x¥ ... (20)

To find the constant C, at x = ,8{ [} = 8,.[4-9] therefore,
from (20)

C=

Hence (20) can be rewritten as
8lx) = Bl Hxhe

Or

8lx) = 8,(x/DH ... (21)

The equation (21) gives the temperature distribution
along the length of the parabolic fin.

The heat conducted through the fin is given by the
Fourier’s Law of heat conduction [5, 19, 20, 21,] as
H=xa(8'®) _, =kbt(6'®)__,

Using equation (21), we get
H =kbt B, /1

Or
—1+[1+am? 22

H=kbt8, - e (22)

This equation (22) gives the rate of conduction of heat
through the parabolic fin.
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The heat conducted through the fin is given by the
Fourier’s Law of heat conduction [5, 19, 20, 21,] as
H=xA(e'®),_, =kbt(8'&),_,

Using equation (21), we get
H =kbt 8,u, /1
Or

H = kbt 8, e (22)

This equation (225 gives the rate of conduction of heat
through the parabolic fin.

—L+{L+aM? 222

3. Result

It has been found that the temperature of parabolic fin
increases with the increase in its length. Also,, the rate of
conduction of heat at any cross-section of the parabolic fin
increases with the increase in its length. The matrix method

has been applied successfully for the analysis of a
parabolic fin to find the temperature distribution along its
length, and the rate of conduction of heat through it. The
results obtained are the same as obtained with other
methods or approaches [4-9].

4. Conclusion

The rate of heat transfer in a parabolic fin is calculated
by solving simple differential equation by the application
of matrix method. The matrix method approach has come
out to be a very effective tool for the analysis of a parabolic
fin to find the temperature distribution along its length and
the rate of conduction of heat through it.
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