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Abstract—A very special type of standard quadratic congruence of even composite modulus is reformulated in this paper.
The formulation found in the literature of mathematics is not sufficient. The formulation found is only for an odd positive
integer but nothing is said about even positive integer. So, an incomplete formulation is found in the literature. The author
has taken the opportunity to find a complete formulation of the said quadratic congruence of even composite modulus and

has presented a complete formulation of the congruence.
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1. Introduction

When the author has gone through the books of
Number Theory, it is found that the congruence under
consideration had not been fully discussed and formulated.
Students are facing difficulties and reported. The
congruence is: x* = a (mod 2™);m = 3. It is formulated
by earlier mathematicians but not fully discussed. Here, the
said congruence is considered for a complete formulation.

2. Literature Review

In the literature of mathematics, the standard quadratic
congruence of even composite modulus under
consideration is found formulated for odd integer a. The
congruence is
x? = a(mod 2™); m = 3, witha =1 (mod 8).

This is for odd positive integer.

This is the condition of solvability of the congruence for
odd integer a.

Such congruence has exactly four solutions.

If x = xis a solution (how to find?), then the other three
solutions are ¥ = 2™ — x5 2™ £ x5 2]

But no comment is found for even positive integer ‘a’

The author already has formulated many standard quadratic

congruence of prime and composite modulus [3, 4, 5, 6, 7,
8,9,10, 11].

3. Need of Research

This means that the said quadratic congruence has not
been completely formulated and it needs a correct full
formulation of solutions. The author wished to find a
correct full formulation of it. This will remove the above
demerit of the existed formulation. This is the need of this
research.
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4. Problem Statement

The problem is-“To formulate the standard quadratic
congruence of even composite modulus of the
type:x® = a (mod 2™} m = 3 in two cases for odd-even
integer .

5. Analysis and Results

Consider the congruence,

x? = b (mod 2™); b =1 (mod 8) i.e. bis an

odd positive integer.

It is solvable as per mentioned in the literature.

The  congruence can also be  written  as:
x2=b + k2™ =g = (mod 2™)[1].

Case-I: Let b be odd positive integer.

Letx = 2™k +ailmod 2™ Lk = 0,1, 2, 3 o v s v
Thenx* = (2™ *k+a)*

(2m-1k)2 + 2, 2™k o + at

2™E{2™ "%k + a} + a”; as a is odd positive integer.
a(mod 2™).

Thus, x = 2™ 'k + a (mod 2™) satisfies the quadratic
congruence and it is a solution of it.

But for,

k=2 x=2""2+a (mod 2™),

= 2"k + @ (mod 2™)

=0+ a (mod 2™)

= +a (mod 2™}, which is the same solution as for k=0.
But, for

k=3=241, x=2™1 (2 +1) +a (mod 2™),

2ME 4+ 2™ 4 g (mod 2™)

0+ 2™ + g (mod 2™)

2™~ 4+ g (mod 2™), which is the same solution as for
k=1.
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Thus, it can be said that the congruence under
consideration has exactly four solutions:

=2k + almod 2™).k = 0,1, as for a single value
of k, it has two solutions.

Case-11: Let b be even positive integer. Then & is also
even positive integer.

Let,

= 2"t almod 2™k = 0,123,455, e an e
Then x* = (2™ %kt a) *

(2m=ipt £ 2.2k a + &t

2metpfam=Ir Lol +a%:

= 2ME{2™ 4k + v} + a® (mod 2™), as ais even & a=2r

= a(mod 2™)

Thus, x = 2™ %k + a (mod 2™} satisfies the quadratic

congruence and it is a solution of it.

Butfork=4, x=2™"% 4+ g (mod 2™),

= 2"k + @ (mod 2™)

=0+ a (mod 2™)

= +a (mod 2™}, which is the same solution as for k=0.

But, for

k=53=4+1 x=2"2%(4 +1) +a (mod 2™),

= 2™k + 2™ & g (mod 2™)

=0+ 2™ & g (mod 2™)

= 2™-2 + g (mod 2™), which is the same solution as for

-
=

Thus, the congruence under consideration has exactly
eight incongruent solutions
xr=2™ %k +almod 2™)Lk =0.1.2,3, as for a single
value of k, it has two solutions.
If a = 0.(even positive integer), then the congruence
reduces to x* = 0(mod 2™,
Then it can be easily seen that
x=8k(mod 2™hk=01.23, .. .. are the eight
solutions of the congruence.
i.e.all positive integer divisible by 8.

Thus, it can be easily seen that for odd positive integer
a, there would be 2™~ congruence, each having four

solutions and so total number of solutions would be
-;.?T.—!x‘]:' — -;\i’l".—l

There remains another 2™~ * solutions for even
positive integer a. But all mathematicians consider zero (o)
as even integer and has exactly eight solutions, hence there
remains only (2™~* —8) solutions for nonzero even
positive integer. And each congruence have exactly eight
solutions. This is only possible whenever, ‘a'is perfect
square.

Thus, in the case when @& is an even positive integer,
the congruence is only solvable if 'a'is perfect square.
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6. Illustrations

Consider the congruence,

x? =17 (mod 2%). As 17 = 1 (mod 8). it is solvable.
It can be written as x* = 17 4+ 32 = 40 = 72(med 27),
It is of the type

x? =g (mod 2™} witha =

7.odd positive integer.m = 3.

It has exactly four solutions,
x=2"k + almed 2™k =0,1.
= 25 'k + 7 (mod 2%)

=16k + 7 (mod 32)

=0+ 716 +7 (mod 32)
=7.25:9,23 (mod 32)
=7,9,23,25 (mod 32).

Consider the congruence:x* = 36 (mod 2%). As 36 is a
perfect square, it is solvable.

It can be written as x* = 6 (mod 2*)
It is of the type,

x? = a®(mod 2™) with a =

6, even positive integer,m = 6,

It has exactly eight solutions,

x=2" 2k +almed 2™k =10,1,2,3

= 252k + 6 (mod 2%)

= 16k + 6 (mod 64)

=0+6:16 +6;32 +6;48 + 6 (mod 64)
=6,38;10,22; 26,38; 42, 54 (mod 64)

= 610,22, 26, 38,42,54,58 (mod 64).

Consider the congruence x* = 0 (mod 2%)

It is of the type,

x? = 00mod 2™) with a =

0. even positive integer,m = &,

Its solutions are,

x=8k(med 2™ k=0,1,2,3.... .....

= 0,8,16, 24,32, 40,48, 56 (mod 2°).

Consider the congruence x* = 10 (mod 2°).

As a = 10, not a perfect square, the congruence is not
solvable. Consider the congruence x* = 11 (mod 2%).
As 11 = 3 = 1 {maod 8). the congruence is not solvable.

7. Conclusion

Therefore, it can be concluded that the congruence
x*=a’(mod 2™) has exactly four  solutions
x = 2™k +almod 2™). k = 0.1 when a is odd positive
integer i.e. a=10(mod 8): but has eight solutions
x=2"2k +almod 2™}k =0,1,2,3 when a is even
positive integer. The congruence is only solvable if a is
even perfect square. Therefore, it can be concluded that if @
is odd positive integer and @ = 1 (mod 8), the congruence
has exactly four solutions. If & is even positive integer, and
a perfect square, the congruence has exactly eight solutions.
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